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The evolution of stress-induced martensitic transformation in front of the crack tip in a NiTi alloy is
analyzed in this investigation, by two-dimensional finite element simulations of single edge-crack specimens.
In particular, the transformation start and finish contours, i.e., the boundaries of the transformation zone,
were obtained by using plasticity concepts, and the effects of the temperature were taken into account by
using the Clausius-Clapeyron relation. Furthermore, comparisons between numerical and analytical
results, obtained by Irwin�s modified linear elastic fracture mechanics relations, were carried out. These
comparisons show that a good agreement in terms of the martensite start and finish sizes is obtained;
moreover, the analytic approach could be able to describe the stress field in the crack tip region outside the
phase transformation zone, i.e., in the austenitic region, but a proper equation to estimate the effective
crack length should be found. To this aim, further studies should be carried out.
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1. Introduction

In the last decades, shape memory alloys (SMAs), and in
particular the Nickel Titanium-based ones (NiTi), have
received more attention from scientific and engineering
communities, owing to their unique characteristics, namely
shape memory effect (SME) and superelastic effect (SE)
(Ref 1). In particular, these properties allow large recoverable
strains or large induced internal forces due to a reversible
solid-state phase transformation between austenite and mar-
tensite; this transformation can be activated by a temperature
variation (TIM, thermally induced martensite) or by the
application of external forces (SIM, stress-induced martensite).
Due to these interesting features, as well as to their good
mechanical performances and biocompatibility, NiTi alloys
have seen growing use in the last years in many branches of
engineering and medicine. As a direct consequence of this
interest, many researchers have studied the thermo-mechanical
behavior of SMAs, in terms of both SME and SE (Ref 1), and
various numerical models have been developed in order to
describe their mechanical and functional behavior (Ref 2).
However, a limited number of works have been devoted to the

study of the fatigue (Ref 3-6) and, above all, fracture behavior
(Ref 7-11) of NiTi alloys. From a materials science point of
view, an accurate knowledge of these topics is essential for
predicting the functional and structural life of damaged
structures as well as their failure modes, with the aim to
improve the overall performances of NiTi-based components
or structures. The fracture behavior of austenitic NiTi alloys
strongly depends on the SIM transformation which occurs in
the crack tip region, as a consequence of the high values of
local stresses.

In an experimental investigation of fracture mechanics in
NiTi alloys (Ref 11), it has been shown that the crack is stress
control propagated in line with the direction of the maximum
normal stress. In addition, it was observed that the notch
geometries and the martensitic transformation play significant
roles on the fracture process of SMAs. In the last years, some
finite element analyses concerning the martensitic transforma-
tion in front of notches or cracks have been carried out
(Ref 12, 13); in particular, it has been found that the shape of
the martensitic transformation zone at the crack tip is similar to
the characteristic shape of plastic zone for metals. This means
that modified plasticity concepts can be used to predict the
transformation zone in SMAs.

In the present work, two-dimensional (2D) numerical
simulations were carried out in order to investigate the
effects of the temperature on the stress-strain distributions
and on the martensitic transformation zone in front of the
crack tip in a single edge-crack (SEC) specimen. Further-
more, comparisons between numerical and analytical results,
obtained by Irwin�s modified linear elastic fracture mechanics
relations, were carried out. These comparisons show that a
good agreement in terms of the martensite start and finish
sizes is obtained; moreover, the analytic approach could be
able to describe the stress field in the crack tip region outside
the phase transformation zone, i.e., in the austenitic region,
but a proper equation to estimate the effective crack length
should be found. To this aim, further studies should be
carried out.
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2. Constitutive Behavior

The classic simplified isothermal stress-strain curve for an
austenitic NiTi-based SMA is represented with the solid
piecewise line in Fig. 1. It is worth noting that this curve is
relative to a monotonically increasing loading path, while if the
load is decreased before failure the material exhibits the typical
stress-strain hysteretic behavior, as the unloading path is
represented by the dashed lines in Fig. 1. In the figure, the
stress-strain relation is approximated with a piecewise linear
curve, for sake of simplicity. The figure clearly shows that,
when the applied load is increased, the SIM transformation
(A fi M) starts as r reaches a critical value rs

AM, and the
transformation is completed when r is equal to rf

AM, i.e., the
martensite fraction nM increases from 0 to 1 and the material
exhibits a characteristic deformation namely, eL. When unload-
ing, the reverse transformation (M fi A) occurs in the stress
range rs

MA-rf
MA, resulting in a stress-strain hysteretic behavior.

However, unloading and the corresponding reverse transfor-
mation (martensite to austenite) are not taken into account in

this investigation since, for fracture purposes, the specimens
for toughness measurements are generally loaded to fracture
without unloading.

The main thermo-mechanical properties of the material, to
be used in the numerical model described in the following
section, were experimentally obtained in a previous work of the
authors (Ref 14) by carrying out different isothermal tensile
tests on dog bone-shaped test specimens in Ni-49 at.% Ti sheet
(Type S, Memory Metalle, Germany, 0.75 mm thick) with a
nominal austenite finish temperature Af = �7 �C, as shown in
Fig. 2.

The test were executed by using a universal testing machine
(Instron 8500), equipped with a furnace (MTS 653) and a
resistance extensometer with a gauge length of 10 mm. The
stress-strain hysteretic behavior of the material was measured by
isothermal strain controlled cycles, at a strain rate of 200 le s�1,
that were carried out for different values of maximum defor-
mation and at different temperatures. Figure 3(a) shows the
evolution of the stress-strain hysteretic behavior of the material
in the first 25 mechanical cycles for a fixed value of total strain
etot = 3.5%. As well known (Ref 1, 14), the figure clearly shows
that the material exhibits a strong modification of the stress-
strain response in the first cycles, but the stress-strain loops
become stable after 20 cycles and no significant modifications
are observed with further increasing the number of mechanical
cycles.

Figure 3(b) shows the modification of the isothermal stress-
strain hysteresis loops under different values of the temperature
for T>Af, in the temperature range between 303 K and 328 K.

Fig. 1 Typical stress-strain relation of an austenitic NiTi alloy Fig. 2 Test specimen

Fig. 3 Isothermal stress-strain hysteretic behavior: (a) evolution in the first 25 cycles at T = 303 K; (b) for different values of the temperature
(303-328 K)
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These results were used to measure the constants of the
Clausius-Clapeyron relation:

dr
dT
¼ const: ðEq 1Þ

which define the change in the stress for the onset of mar-
tensite during loading and the stress to obtain austenite during
unloading.

Let CAM be the constant governing the austenite-to-
martensite transformation, then the critical stress values can
be obtained as follows:

rAM
s ¼ rAM

s0 þ CAMðT � T0Þ
rAM
f ¼ rAM

f0 þ CAMðT � T0Þ

�
; ðEq 2Þ

in which the subscript 0 is referred to the quantities measured
at the reference temperature (T0 = 303 K). In Table 1, the
values of CAM, rs0

AM, and rf0
AM for the investigated NiTi alloy,

together with the Young�s moduli and the Poisson�s ratios, are
reported.

3. Numerical Model

A SEC specimen was analyzed by 2D plane stress FE
analyses carried out with the commercial finite element code
MSC Marc�. The geometry and the dimensions of the SEC
specimen are illustrated in Fig. 4, while Fig. 5 shows the
corresponding FE model.

Due to the symmetry of the SEC specimen, only the upper
half of the whole specimen was modeled. The model consists of
5629 eight-node bi-quadratic plane stress quadrilateral ele-
ments. A nonuniform mesh was introduced by employing a
relatively fine mesh in the crack tip region, and a coarse mesh
elsewhere, as clearly shown in Fig. 5.

The tensile load is applied on the upper half of the hole. As
previously explained, unloading and the corresponding reverse

transformation processes, frommartensite to austenite (M fi A),
are not taken into account.

The isothermal stress-strain curves of the NiTi alloy, used in
the numerical model, have been obtained for any temperature
from data in Table 1, and by applying Eq 2; the resulting
piecewise linear-stress relations are shown in Fig. 6, in which
eL was fixed to 7%. Furthermore, the curves in Fig. 6 were
truncated at a maximum stress equal to 1000 MPa, i.e., the
yielding of martensite was not modeled, as the size of the
transformation zone in the crack tip region is expected to be
much greater than the plastic zone of the martensitic structure.

The martensite volume fraction, nM, during the SIM, can be
described by the equivalent plastic strain eeq

p (Ref 13). Indeed,
the yielding condition for a conventional material is:

req ¼ Yp epeq

� �
; ðEq 3Þ

while the phase transformation condition in a SMA is:

req ¼ YMðnMÞ; ðEq 4Þ

in which req is the von Mises equivalent stress, while Yp and
YM are the plastic and transformation hardening function,
respectively. By comparing Eqs 3 and 4, it emerges that the

Table 1 Thermo-mechanical parameters of a Ni-49 at.%
Ti alloy

EA,
MPa mA

EM,
MPa mM

rs0
AM,

MPa
rf0
AM,

MPa
CAM,

MPa K21

39000 0.3 20000 0.3 260 618.4 10.3

Dimensions [mm] 

Width, W 17,60
Crack length, a 6,80 

Thickness, t 1,00 

Fig. 4 SEC specimen geometry and dimensions

Fig. 5 FE model of the SEC specimen

Fig. 6 Piecewise linear stress-strain relation of the NiTi alloy at
several temperatures
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transformation condition in SMAs is similar to the plastic
yield condition in common metals, thus a simple linear rela-
tion between nM and eeq

p can be assumed (Ref 15):

nM ¼ Cepeq; ðEq 5Þ

where C is a constant, which can be easily obtained from the
uniaxial stress-strain relation of the SMA. In fact, at the begin-
ning of phase transformation, the martensitic fraction and the
equivalent plastic strain are zero, while at its end the martens-
itic fraction is 1 and the equivalent plastic strain is given by:

epeq ¼ eeq � eeleq ¼ eeq �
req

EA
; ðEq 6Þ

in which eeq and eeq
el are the total and elastic equivalent strain,

respectively. For the piecewise linear stress-strain relations
used herein, eL and CAM are constant, thus the equivalent
plastic strain value at the end of the transformation is also
constant and equals to 6.089 10�2. By substituting these val-
ues into Eq 5, it follows:

C ¼ nM
epeq
¼ 1

6:08� 10�2
� 16:44: ðEq 7Þ

Therefore, the distributions of martensite volume fraction nM
in front of the crack tip can be obtained by the distributions of
the equivalent plastic strain ee

p through the following equation:

nM ¼ 16:44epeq: ðEq 8Þ

4. Analytical Model

As it is well known, the normal stress ry, for h = 0, given
by the linear elastic fracture mechanics (LEFMs) in the case of
mode I loading condition is given by:

ry ¼
KIffiffiffiffiffiffiffi
2pr
p ; ðEq 9Þ

in which r is the radial distance from the crack tip and KI is
the mode I stress intensity factor (SIF). For the SEC speci-
men in Fig. 4 (Ref 16), the SIF can be evaluated as follows:

KI ¼
P

t
ffiffiffiffiffi
W
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7:59

a

W
� 32

a

W

� �2
þ117 a

W

� �3
:

r
ðEq 10Þ

Equation 9 shows that the elastic stress would become very
large in the proximity of the crack tip, but it does not occur
due to SIM, which causes a different stress distribution; a
similar behavior is observed in ductile metals due to the non-
linear effects of the plastic deformations. Irwin (Ref 17) has
shown that when yielding occurs at the crack tip in common
metals, LEFM may still be applied if an effective crack
length is used, i.e., a physical crack length plus an allowance
for the extent of the plastic zone:

aeff ¼ aþ ry: ðEq 11Þ

where ry can be expressed as a function of the size of the
plastic zone rp, as illustrated in Fig. 7; for plane stress condi-
tions is given by:

ry ¼
rp
2
¼ 1

2p
KI

Sy

� �2

ðEq 12Þ

where Sy represents the yielding strength in ductile metals.
Thus, the stress distribution in the crack tip region can be
determined by the following equation:

ry ¼
KIeffffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pðr � ryÞ
p ðEq 13Þ

where JIeff is the effective SIF obtained by using aeff =
a + ry in Eq 10.

In Fig. 8, a schematic representation of the stress distribu-
tion in the crack tip region of an austenitic NiTi alloy is shown.
The comparison between Fig. 7 and 8 shows that Eq 12 cannot
be used to predict the size of the transformation zone, as a
consequence of the different stress distributions in the crack tip
region for ductile metals and NiTi alloys, since the equilibrium
conditions are no more satisfied.

However, by assuming a linear evolution of the stress in the
transformation zone, i.e., between rAM

s and rf
AM, and by

neglecting the size of the martensitic zone, as rM << rA, the
equilibrium condition can be rewritten as follows:

rAM
s þ rAM

f

2
rA ¼

Z r
0
A

0
rel
y dr ðEq 14Þ

Fig. 7 Stress distribution in the crack tip region of a ductile metal

Fig. 8 Stress distribution in the crack tip region of an austenitic
NiTi alloy

682—Volume 18(5–6) August 2009 Journal of Materials Engineering and Performance



where ry
el represents the stress distribution in the crack tip

region of a linear elastic material (Eq 9), while r
0

A is the
extent of the transformation start contour, obtained by apply-
ing the condition ry

el = rs
AM:

r
0

A ¼
1

2p
KI

rAM
s

� �2

ðEq 15Þ

By substituting Eq 9 in Eq 14 and taking into account Eq 15,
the extent of the transformation start contour is given by:

rA ¼
2

p
K2
I

rAM
s rAM

s þ rAM
f

� � : ðEq 16Þ

It is worth noting that in the case of elastic plastic material
(rs

AM = rf
AM = Sy), the previous equation gives the extent of

the plastic zone in common metals (Eq 12).
Based on the previous consideration, the Irwin correction

can be applied to predict the stress distribution in the crack tip
region of a NiTi alloy, by using the effective crack length:

aeff ¼ aþ rA
2
: ðEq 17Þ

Furthermore, Eq 13 gives the stress distribution in the crack
tip region of a SMA by substituting ry = rA/2.

5. Results and Discussions

5.1 FE Model Validation

The FE model was initially validated by comparing the
constitutive relation with the numerical results, in terms of the
equivalent stress and strain (req� eeq), obtained in the crack tip
region for a tensile load P = 360 N, which corresponds to a
remote stress r¥ = P/(tW) = 20.45 MPa.

The comparisons between constitutive relation and numer-
ical results were carried out for several values of the
temperature, and a good agreement was observed in all cases,
as illustrated in Fig. 9 which illustrates the results for
T = 303 K.

Figure 10 illustrates stress contours for the transformation
start (req = rs

AM) and the transformation finish (req = rf
AM)

conditions, together with the maximum stress req = 1000 MPa

(see Fig. 6); as expected, the figure clearly shows that the size
of the transformation zone is much greater than the zone limited
by the condition req = 1000 MPa.

5.2 FE Results

By using Eq 8, the martensite volume fraction, nM, in the
crack tip region was computed for several values of the
temperature in the range between 303 and 328 K; as an
example, Fig. 11 shows the contours with constant nM values at
T = 303 K. The martensite volume fraction nM in the partial
martensite zone decreases with increasing the distance from the
crack tip. Similar results have been obtained for all the
investigated temperatures.

The transformation zone was analyzed by the distances from
the crack tip and for h = 0 (see Fig. 9), which correspond to the
transformation start (rA) and finish (rM) condition. In Fig. 12,
the trends of rA and rM versus temperature are shown. The
transformation start size rapidly decreases with increasing the
temperature, while the transformation finish size is almost
constant (it slightly decreases), resulting in an overall reduction
of the transformation zone, which is represented by the gapping
area between the curves in Fig. 12.

5.3 Analytical Predictions Versus Numerical Results

In Table 2, the numerical values of the martensite start
region for different values of temperature are reported, together
with the analytical predictions by LEFM and modified LEFM.
The same results are schematically reported in Fig. 13.

The analytic approach underestimates the martensite start
size for low values of the temperature while an overestimation
is observed increasing the test temperature, giving relative
differences of about 10%. These effects are due to the
assumption rM << rA, taken to rewrite the equilibrium con-
dition at the crack tip in the NiTi alloy, since the martensite
finish radius, rM, is not negligible respect to rA with increasing
the temperature, as shown in Fig. 12.

In Fig. 14, the numerical normal tension, ry, has been
plotted versus the radial distance from the crack tip, r, for
T = 303 K, in the stress-singularity region (r< 2 mm) in a
bi-logarithmic plot. Increasing the distance from the crack tip,
two knees are clearly visible, corresponding to the martensite
finish and start, respectively; then, it is possible to identify in
the graph the martensitic (M), the transformation (A fi M)
and the austenitic (A) regions. Using ordinary least square, the
equation of the linear region of the austenitic zone was
evaluated; in particular, the slope is �0.5, which corresponds to

Fig. 9 Piecewise linear constitutive relation vs. FEM results (T =
303 K)

Fig. 10 Stress contours in the crack tip region: martensite start
(red), martensite finish (orange) and req = 1000 MPa (yellow)
(T = 303 K)
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the theoretical value of the LEFM. Thus, the Irwin correction
(Eq 13) could be used to describe the stress distribution in a
SMA for r> rA, i.e., in the austenitic region, but not within the
phase transformation zone.

In Fig. 15, a comparison between the numerical results and
analytical predictions in terms of normal stress is presented for
the reference temperature, T = 303 K. The figure shows similar
trends between the curves; in particular, the LEFM overesti-
mates the normal stress ry, while satisfactory agreement
between the modified LEFM and numerical results has been
obtained, with relative difference <10%. Notwithstanding
these differences, the results indicate that the modified Irwin
correction of LEFM could be used to describe the stress
distribution in the austenitic region but a proper equation
should be found to estimate the effective crack length. In fact,
the gap between the curves in Fig. 15 can be reduced by
moving the vertical asymptote of the Irwin curve, i.e., by
changing the value of ry in Eq 13. Further studies should be
carried out in order to define a modified relation for the
effective crack length, which takes into account the whole
stress-strain curve of the material, i.e., by considering the stress

Fig. 11 Contour lines of constant martensite volume fraction nM (T = 303 K)

Fig. 12 Martensitic transformation zone vs. temperature, T

Table 2 Martensite start size, rA, for different temperatures:
LEFM, modified LEFM, and numerical results

T, K

rA, lm

LEFM Modified LEFM Numeric

303 176.2 102.8 115.1
308 121.4 76.4 79.5
313 88.8 59.1 57.5
318 67.8 47.1 44.1
323 53.5 38.5 34.8
328 43.3 32.1 28.6

Fig. 13 Martensite start size, rA, vs. temperature: LEFM, modified
LEFM, and numerical results
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distribution in the transformation zone as well as in the full
martensitic region.

6. Conclusions and Perspectives

In the present work, the effects of the temperature on the
stress-strain distributions and on the martensitic transformation
zone in the crack tip region of a SEC specimen in NiTi alloy
were analyzed by 2D numerical simulations. In particular, the
martensite start and finish contours were evaluated from the
numerical results. It was demonstrated that the distributions of
martensite volume fraction, nM, in front of the crack tip can be
obtained by the distributions of the equivalent plastic strain.
The numerical results, presented herein by contour lines, show
that the martensite volume fraction nM in the partial martensite
zone gradually decreases with increasing the radial distance
from the crack tip. Similar results have been obtained for all the

investigated temperatures. Moreover, the numerical results
show that the size of the transformation start rapidly decreases
with increasing the temperature while the finish one is almost
constant, resulting in an overall reduction of the transformation
zone with increasing the temperature. Finally, comparisons
between numerical and analytical results, obtained by Irwin�s
modified LEFMs relations, were carried out. These compari-
sons show that a satisfactory agreement in terms of the
martensite start and finish sizes is obtained; moreover, the
analytical approach could be able to describe the stress field in
the crack tip region outside the phase transformation zone, i.e.,
in the austenitic region, but a proper equation to estimate the
effective crack length should be found. To this aim, further
studies should be carried out.
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